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Global characteristics of jet impact
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This paper is concerned with the impact of a jet of arbitrary cross-section onto a rigid
plane. At the initial stage of the impact the liquid motion is described within the
framework of the acoustic approximation. Behind the shock front which is generated
under the impact, the pressure distribution is calculated analytically for an arbitrary
cross-section of the jet. It is shown that a quarter of the total impact energy transfers
into the internal energy of the compressed liquid. The focusing of the compression and
relief waves in the axisymmetrical case is discussed.

1. Introduction

This paper deals with the problem of the unsteady liquid flow caused by an impact
on its boundary. Initially the liquid is at rest and occupies a cylindrical, half-infinite
domain of arbitrary cross-section 2. The side surface of the cylinder corresponds to the
undisturbed position of the free liquid boundary, (x, y)€0€, z > 0. Below, the liquid
region is bounded by a rigid undeformable plate z = 0 (figure 1a). At some moment of
time, which is taken as the initial one (z = 0), the rigid plate starts to move up at a
constant velocity V. A shock wave and expansion waves are generated at the impact
moment (figure 15).

We shall determine the pressure distribution p(x, y, z, t) behind the shock front, the
hydrodynamic force on the plane F(¢), the total impulse 7, and the internal energy E,(?)
of the disturbed liquid under the following assumptions: (i) the plate is solid and
undeformable; (ii) the liquid is ideal and compressible; (iii) the Mach number
M = V/c,, where ¢, is the sound velocity in the liquid at rest, is much less than unity;
and (iv) external mass forces and surface tension are absent.

This problem is of interest for some jet technologies, jet-printer performance, and
also for cavitation erosion. It is known that the collapse of a bubble adjacent to a rigid
surface leads to the formation of a microjet which hits the surface at a high velocity.
The jet impingement on the surface is one of the causes of cavitation damage.

At the initial stage when the shock wave generated by the impact is not far from the
plate, the compressibility of the liquid is of major significance. The liquid flow is
described within the framework of the acoustic approximation provided that M < 1.
This approximation is valid for impact speeds well below the medium’s acoustic
velocity and for times in which the deformations are small compared to the overall
characteristic length. More details on the justification of the acoustic approach are
given in Appendix A.

Dimensionless variables are used below. They are chosen so that both the sound
velocity and the impact velocity are equal to unity, and the diameter of the jet cross-
section is equal to 2. Then the scale of the pressure is the ‘water hammer’ pressure
PoCo V, the scale of the liquid velocity is the impact velocity ¥V, the length scale is half
the diameter of the jet cross-section R, the time scale is the ratio R/c,, p, is the density
of the resting liquid.
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FiGURE 1. Impact of a plate on an half-infinite liquid cylinder. (@) Initially, liquid is at rest and
occupies a cylinder z > 0 of arbitrary cross-section. The side boundary of the cylinder is free. (b—d)
The wave pattern at the initial stage of the impact (plane case): (b) SW, shock wave; RW, relief wave
produced at the impact moment. (¢) Interaction of the relief waves. (d) CW, compression wave
produced by the relief wave reflection in the free surface.

Both the plane and axisymmetrical problems are considered in detail. General
formulae are presented for the impact of a jet of arbitrary cross-section. The present
study is focused on the global characteristics of the process. In order to give a global
description of the impact, a technique which does not account for details of the flow
is used. This is a strength of the approach because the results of practical interest may
be obtained and analysed in a quite simple way. On the other hand, this is also a
weakness because the approach does not give much insight into the fluid mechanical
aspects of the problem. For example, the pressure distribution inside a jet of arbitrary
cross-section is found in this paper within the framework of the acoustic
approximation. However, the corresponding formulae in the forms presented cannot
be directly used for numerical calculations and further work is required. In particular,
we cannot now compare the results given by the acoustic theory with many numerical
simulations of the impact of a compressible liquid cylinder on a rigid boundary (Glenn
1974; Hwang & Hammitt 1977; Gonor & Yakovlev 1977; Pidsley 1982; Surov &
Ageev 1989). A local description of the jet impact was given by Frankel (1990) and
Veklich (1990) for the plane case. The axisymmetric case was analysed by Veklich
(1991). For an arbitrary cross-section of the jet the present approach seems to be the
only possible one. In order to make the formulae of the present paper available for
numerical analysis, they should be improved by a well-known technique (see
Kantorovich & Krylov 1962), the main idea of which is demonstrated in §4. The
analysis of the flow and the pressure distribution inside the impacting jet, as well as the
analysis of the validity of the acoustic theory applied to the jet impact problem is
currently underway.



Global characteristics of jet impact 65

Liquid z
at rest

SW

X,y

A

FIGURE 2. Creation of an acoustic shock, SW, by impact on a liquid half-space.

2. Formulation of the problem

Within the framework of the acoustic approximation the flow domain coincides with
the cylinder (x, y) €2, z = 0 which is occupied by the liquid at the initial moment, ¢ = 0.
In non-dimensional variables the liquid flow is described by the velocity potential
¢(x,,z, 1), for which the initial boundary-value problem has the form

e = oot Pyt 9. (x,)€Q, z2>0),

$.=1 ((x,9)eR, z=0),

$=0 ((x,)edQ, z>0), 1)
b=¢,=0 ((x,)eQ, z=0, t<0).

Once the problem (1) has been solved, the normal derivative 8¢/0n on the free surface,
which is equal to the normal velocity of the free surface displacement, can be
calculated, and the position of this surface at moment ¢ can be determined by
integration in time. The velocity field is given by u = V¢, u = (4, v, w), and the pressure
by p=—¢,

The original problem of jet impact contains the nonlinear equations of motion and
boundary conditions which must be satisfied on the surface, the position of which is
unknown in advance. Formally, the solution of (1) provides the asymptotics of the
exact solution as M — 0 under the assumption that the limiting values of the unknown
functions and their first derivatives are finite (see Appendix A).

In order to analyse the pressure field inside the jet, let us first consider the problem
without the free surface. This limiting problem corresponds to an impact on the
boundary of the upper half-space z > 0 at a constant velocity (see figure 2). The
solution of the limiting problem will be denoted by the subscript ‘0’. We obtain

¢0(x’y’ z, t) = _(t—z)+’ po(x’ya z, t) = H(I—Z).
The notation g, =g when g>0, g, =0 when g <0 and H(x) =1 when x >0,
H(x) = 0 when x < 0 are used. Problem (1) is linear, and therefore its solution can be
presented in the form

¢ = ¢g+@(x,3,2,0), p=py+q(x,y,2,1). 2
But now ¢, =0 and, hence, g, =0 at z =0, so that the functions ¢(x, y,z,f) and
q(x,y,z,t) can be continued in the region (x,y)ef,z <0 symmetrically: ¢(x,y,
—z,t) = @(x,,2,t) and q(x,y, —z,1) = q(x,y,z,t). The boundary-value problem for
the new unknown function ¢(x, y, z, f) is formulated as
Qe = Dozt dyy T4 (6,0)€R, —00 <z <+00),
g=—H{*-z2*) ((x,y)€ed2, —o0 <z<+mw), 3
9=¢,=0 (t<0).
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Problem (3) can be solved by the method of integral transforms with respect to the
vertical coordinate z and the time ¢. Thereafter the pressure field will be given by (2).
Solutions of (3) can be found in explicit forms for both the plane and axisymmetrical
cases.

3. Plane problem

The plane problem (see figure 15—d) was analysed by Frankel (1990) and Veklich
(1990). They found both the pressure distribution and the velocity field inside the jet,
as well as the deformation of the jet free surface. In the present paper a different
method is used. This method can be applied to the problem of the impact by a jet of
arbitrary cross-section.

The unknown function g(x, y, z, f) is independent of y in the plane case. Problem (3)
takes now the form

Gt =42zt q,; (XI<1, —o00<z<+00),
g=—H#-2%) (x|=1, —ow<z<+w), 4)
g=q,=0 (<0).
The Fourier transform with respect to the vertical coordinate z

0 0

g(x,z,t)e7*dz, q(x,z, t)=21—nJ q"(x, ¢, 1 etd¢g (5)

—0

g (x50 = J

—00

and the Laplace transform with respect to time ¢

g (x,z,8) = j g(x,z,H)e*tdt, Res> 0,

0

a+1ioo
g(x,z,t) = E%f . g (x,z,s)etds, a>0
applied to (4) yield
P+ =qz7 (xI <),
2
q"" = TOFs (Ix| = 1).

Therefore
2 cosh[(s*+¢%)"2x]

£*+5" cosh|[(s"+£%)""

The solution ¢“F(x,¢,s) is an analytic function of the combination s®*+4 {? and has
simple poles on the plane of s at the points for which s*4+¢*=0 and
(s*+¢%)Y* = iGn+nk) where k = 0, £ 1, +2,... . Hence, in order to invert the Laplace
transform, it is necessary to calculate the residues of ¢%¥(x, ¢, s) at these poles. The
inversion of the Fourier transform leads to standard integrals and, taking (2) into
account, we obtain the pressure distribution within the plane jet z > 0, x| < 1:

qLF(x5 g S) =

(6)

P, 2,0) = = Sl In(rt =22 H(t - 2),
)

(= l)kcos [k +1) 2] J[(2k+ 1) A.

S(“’ﬂ)zé 2k+1
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Notice that the pressure between the plate, z = 0, and the shock front, z = ¢, generated
by the impact does not depend on the variables z, ¢ separately but on their combination
(2 —z%"2 (see Veklich 1990). This means that the pressure profile p(x,0,¢,) travels
along the jet and it is at the distance z = (#*—#%)"/2 from the jet top at the instant
t,t > t,. The formula (7) is very convenient for evaluating global characteristics of the
jet impact, as well as analysing the peculiarities of the pressure distribution.

In dimensionless variables the hydrodynamic force on the plate F(¥) is

s 16 & Jl(k+0.5)n1]
F(t)—ﬁlp(x,O,t)dx —zkzj Tkt (8)

Let us substitute the integral representation of the Bessel function
2 (2
Jy(x) = - Jw cos(xcosf)dé
0

in (8) and change the order of the integration with respect to 4 and the summation with
respect to k. Then we obtain the Fourier series which can be evaluated analytically. The
result is
4 N
F) = 2 3 (142206, — 0,.) — i 6, —sin ..} ©

where 6, = arccos 2n/t), Oy,, =0, N=[]

Formula (9) presents the hydrodynamic force in the spirit of Frankel. Moreover, the
same procedure applied to (7) gives the representation for the pressure distribution
found by Frankel (1990) and Veklich (1990). In particular,

Fi) = 2—%1‘ 0<r<?2),

4 n+1 2 8
=2—— —_y— - — 2——4 1/2 2 4.
116 nt 8 ~—arecos t+n(t ) 2<t<4d

The sum in (8) was numerically evaluated: 1000 terms were taken in the sum to
guarantee accuracy of the result not lower than 107%. A graph of the force (8), figure
3, shows that a jet impact is not connected with large hydrodynamic loads only. The
reason is that not only compression waves but also relief waves are formed under the
impact. The latter result from the presence of the free surface of the jet and they move
from the periphery of the contact region to its centre. The pressure drops in the region
of the interaction of the relief waves, which leads to negative values of the
hydrodynamic force F(¢). If the connection forces between the liquid particles and the
rigid boundary are small enough, this phenomenon may lead to the separation of the
liquid from the impacted surface with the appearance of cavities attached to the
surface. Then the pressure increases again, which leads to a collapse of the bubbles with
the formation of new compression waves. This suggests that the jet impact is not a
simple phenomenon and that it may be governed by factors disregarded by classical
hydrodynamics. The complicated character of the force evolution can be utilized to
explain why the damage produced by the impact of a liquid drop or a pulsating jet may
be much greater than that due to steady jet impact. Equation (8) shows that
F(f) = O(r™V%) as t - oo. This means that the influence of acoustic effects on the flow
decays quite slowly with time.

The work done by the hydrodynamic force is equal to the energy lost by the plate.
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FiGuRe 3. Hydrodynamic force F(¥) on a plate impacted by a plane jet.

The energy to be transferred to the plate to support the constant value of its velocity
will be referred to as the external energy, E,(f). The work done during a small time
interval At is equal to F(7) At in dimensionless variables. Therefore

E() = J’F(T) dr. (10)

The limiting value of E, () as ¢t — oo is referred to as the total impulse, /. Taking into
account (8) and the standard integral

fw.]o(cx)dx=%, c>0, (1)
322 1
we get == Z G+ ¥~ n3 §(3) (12)

where {(x) is the Riemann Zeta function. This quantity agrees with that given by
Frankel (1990). In dimensionless variables the internal energy of compressed liquid
E(dis

E(®) = % ﬁ J1p2(x, z,0)dzdx, (13)

the scale of the energy being pV2R2. Inserting (7) in (13), we obtain

E()=—,

Zj (2k+ 1) J1 JA(k+0.5) m(z2—z%)V?] dz.

Using the equality (see Appendix B)

f Jie(—2%)?dz = —21_(: ftc Ji(7)dr, (14)
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we get the final formula

8 o) 1 (2k+1) it
E®)= = WJ Jo(r) dr. (15)
k=0 0

Taking the limit as 1~ oo and taking into account (11) and (12), we can write that
E(00) = E,(00). (16)

This shows that a quarter of the external energy is transferred to the internal energy
of the compressed liquid, however small the impact velocity may be. This result is non-
trivial because usually one connects a low-speed impact with an incompressible liquid
model only, wherein this part of the energy is referred to as ‘lost energy’.

The pressure distribution inside the plane jet can be analysed using the representation
(7). However, the convergence of the series in (7) is quite weak. It can be improved by
extracting the main part S,,(«, ) of the series S(a, ), but it is better to use the
approach suggested by Frankel (1990) and Veklich (1990). Nevertheless, the function

S, f) = (E%)l/z ’go (Tgc_d%;icos [a(2k+ D] cos[(2k+ 1) f—3r]

can be useful to study the asymptotic behaviour of the pressure as #— oo, based on the

estimate
S, B) = Sy, )+ OB
which is valid as f— co.

The function S,,(a, ) can be presented in quadratures. Analysis of the integral
representation demonstrates that the pressure p(x,z, ) is finite everywhere inside the
jet, and the pressure gradient is unbounded near the curves z2+(1+2N+x?)* = ¢
where N =0,1,2,.... In particular, narrow zones of high pressure gradients appear
periodically at the centre of the contact region at the time instants ¢,, = 1+ 2N. For
more details of the pressure distribution see Frankel (1990) and Veklich (1990).

4. Axisymmetric problem

Axisymmetric jet impact was first analysed by Veklich (1991). Here the approach
suggested in the previous section is used. In the polar coordinate system r, 8,
r = (x*+y*)*? (figure 4), the function g(x, y, z, f) is independent of # and satisfies

1
qtt=qrr+;qr+qzz (r<1, —00 < z<+0w),
(17)

g=—H{f-2*) (r=1, —o<z<+w),
g=¢,=0 (t<0).
The Fourier transform with respect to z and the Laplace transform with respect to time

t, applied to (17), yield

1
*+¢Hq" = qff+;q,” (r<l,

2
qLF = ‘—m (r = 1).
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FIGURE 4. Impact of a plate on a liquid circular cylinder. (a) The side view of the wave pattern at the
initial stage of the impact (axisymmetric case): SW, shock wave; RW, relief wave; r, radial
coordinate. (b) The bottom view: CL, contact line between the liquid free surface and the plate; relief
wave, RW, converges to the centre point.

The solution of this boundary-value problem, bounded at the jet centre, r = 0, is

2 L+
C+s LI+

where I,(r) is the modified Bessel function of zero order. It is seen that g“"(x, {, s) is the
analytic function of the combination s®+ {* and has simple poles on the s-plane at the
points where s*+¢* =0 and (s*+{*)"* =iy, k=1,2,...,u, being the roots of the
equation J(x) =0 and p, < p,<...<p,<.... That is why we need only to
determine the residues of ¢“%(r, {, s) at these poles, to inverse the Laplace transform.
We obtain

q“F(r, ¢, 5) = (18)

e =2 WO U2
k=1 s D)
where z > 0, 0 < r < 1, Jy(r), Ji(r) are the Bessel functions of the zero and first orders,
respectively. It is seen that in the axisymmetrical case the pressure also depends on the
combination (* —z%)"/2, This means that to find the pressure distribution inside the jet,
one needs to determine the pressure p(r,0,f) on the plate only. Formula (19) was
derived by Veklich (1991) by a different method.
In dimensionless variables the hydrodynamic force F(¢) on the plate is equal to

H(t—z) (19)

F(t) = 2n Jl rp(r.z, 1) dr = 4 3 J‘E(:'S? (20)

In order to derive (20), the standard integral

1 1
f rdy(rpy) dr = —Ji(py)
9%

0



Global characteristics of jet impact 71

T T T T T

Hydrodynamic force

0 [\\/\V/\\}/\v/\v/\U/\V/\V/\V/\\//\V/\V/\V/\V/\V/\Vf\\//\v/\vl\v/\v/\

=

-1 L I 1 1 1

0 10 20 30 40 50 60
Time

FiGure 5. Hydrodynamic force F(f) on a plate impacted by an axisymmetrical jet.

was used. The graph of the force (20) is shown in figure 5. The main features of the
force evolution shown for the plane jet impact are valid in the axisymmetrical case as
well. However, now the change of the force with time is more abrupt. This is connected
with the fact that the interaction of the torus-like rarefaction waves and that of the
torus-like compression waves formed under an axisymmetric jet impact yield a greater
amplitude of pressure variation than in the plane-jet impact.

The total impulse I for the axisymmetrical jet impact is

k)3

where (11) was used. Numerical calculations give I = 1.016355.
The non-dimensional internal energy E(¢) is given in this case by

I= 41r2 I)ZJ J(p ) dt = 41r2

E(®H=n f Jt rp*(r, z, ) dz dr. 21

Inserting (19) into (21) and taking into account (14) and

1
j ) ) dr = L% 6,

0

(Gradshteyn & Ryzhik 1980), we find

B0 =x3% 5 [ i @)

This means that relation (16) is also valid in the axisymmetrical case.
However, the pressure distribution is more complicated than that in the plane
problem. In the axisymmetrical case both compression and rarefaction waves are
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torus-like; therefore when they interact extremely low or high values of the pressure
may be expected. Let us consider the pressure evolution at the centre of the contact
region, r=0,z=0,¢>0:

p0,0,0) = 3 D1, Do) = 22D
=1 o H(pr)

This series may converge only conventionally because D,(f) = O(k™) as k— co.
Moreover, it is possible that p(0,0, ¢) is unbounded at some instants of time. In order
to clarify the characteristics of the pressure at the centre point, we need to determine
the asymptotic behaviour of the summands D,(¢) as k- co. Taking into account

ﬂf:m—9n+omﬂx.Mﬂ“y=a;ﬁﬁmqﬂ“—go+owﬂ®,
k

1
() = WCOS (. —3m) + O(k™%),
k

which are uniformly valid where k > 1, ¢t > 0, we obtain the asymptotic formula
Dy(t) = DP9+ D),

(0) 2 (- l)k_l 1 (1) —2
DO = T eos [knt—gn(z+ 1], DP() = OK™).
Therefore, p(0,0, 1) = p®@(t)+ p™(r) where
PO =2 DX, pPW) =X D).
k=1 k=1

The second sum converges absolutely, hence p™¥(¢) is a bounded function and it can be
evaluated numerically. The first sum converges conventionally, but it can be evaluated
analytically. This simple idea makes it possible not only to analyse the characteristics
of the pressure distribution, but also to evaluate the pressure numerically in an effective
way. We obtain

p(0,0,1) = 521—/5 [In[2 cos (3n(r—2N))]cos (Gn(r+ 1))+ 3n(r —2N) sin G (2 + 1)+ p (1),

where the integer N is such that |t—2N] < 1. Analysis of the wave front kinematics
shows that expansion waves converge to the jet centre at the instants of time ¢t = 4n+ 1,
n=0,1,... and compression waves converge at t = 4n+ 3. Calculating p‘”(¢) at these
instants, we conclude that while the expansion waves are interacting the pressure can
be quite low but finite, whereas the interaction of the compression waves leads to the
logarithmic growth of the pressure amplitude.

The liquid flow and the pressure distribution inside the circular jet were numerically
determined by Veklich (1991) with the help of (19). Unfortunately, Veklich does not
report any details of the numerical procedure. In particular, the accuracy of the
numerical results is not clear. The numerical results show strange behaviour of the
relief and compression waves inside the circular jet. For example, a relief wave can
reflect from the jet axis as either a relief wave or a compression one. Physically, this
phenomenon is obscure. We expect that the analysis of the dynamics of waves inside a
circular jet by the geometric acoustic approach in the spirit of Lesser (1981) will be able
to clarify this point.
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5. General case

For an arbitrary region £ (figure 6), we can introduce the eigenfunctions A4,(x,y)
and the eigenvalues A,, which satisfy the equations

024 +62A
ox* P
A4,=0 (x,9)€0Q)

and the orthogonality condition

E4A2A, =0 ((x,)eR),

f Ak(an’)An(x,J’)dXdy = 6n,lc’ (23)
Q

where 8, , = 1 whenn = k and ¢, , = 0 when 7 # k. Generally speaking, there can be
some elgenfunctlons Ag;(x,¥),j = 1,2,..., N, which correspond to the same eigenvalue
A,. For simplicity, we shall c0n51der only the case N, = 1.

Let us denote

¢ = f A,(x,y)dxdy,
Q

then the pressure distribution in the jet can be proved to be given by

Pz ) = S cp Ay y) HALE — 2V H(t —2). (24)

k=0

It is easy to see that this function satisfies the wave equation and the boundary
condition on the free surface of the jet. Therefore, we need to prove only that

lim p,(x,y,z,0) =—=8() ((x,y)eQ),
2—>+0

where &(¢) is the Dirac delta function. Inserting (24) in this condition, then multiplying
by A4,(x,y) and integrating over £ both its sides, and using (23), we find

e lim <L LHA (2 — 222 H(t—2)] = — 8(0) .
2—>+0 dZ
Here

& A ) G2

= n(z 2)1/21[/\,102—22)”2]H(t—z) JIA (2 =22 8(t —z)

and one can see that the first term vanishes as z—+0 and the second one tends to
—4&(f). This reasoning proves the representation (24).
In the non-dimensional variables the hydrodynamic force on the plate F(¢) is

9]

R = J p(6,3,0,0dxdy = 35 ¢ A 1)
2

and the total impulse 7 is given by

= J:F(t)dt = > £
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FIGURE 6. Impact of a plate on a liquid cylinder of arbitrary cross-section. (@) General view at the
initial moment. () The bottom view: CL, contact line between the liquid free surface and the plate.

The internal energy of compressed liquid E,(¢) is determined in non-dimensional
variables by

E@n= % f [Jgpz(x, .z, t)dx dy] dz. (25)

Inserting (24) into (25) and taking into account (23) and (14), we obtain

IOOC‘Z 2t

E() =7 2 £

W=z,

and, hence, (16) is valid for a jet of arbitrary cross-section as well.
In the plane case, we have

Ak
J(rydr

A (x) = cos((2k+ D)inx), ¢, = 4 ﬂ A, =Rk +1),

Fm2k+1’
and (24) leads to (7). Accordingly, in the axisymmetrical case, we have
1/2
Ak(r) = ‘]O(rlu’k) 2Tc

e o > C, = . /\ =
) T o T
and (24) leads to (19).

6. Jet impact onto a permeable surface

This problem is relevant to jet printer performance. In particular, the liquid mass
which can penetrate a paper surface under jet impact can be of practical interest. The
simplest model is considered here. Within the framework of this model the velocity of
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the liquid penetrating the surface is taken to be proportional to the local hydrodynamic
pressure. The liquid flow is governed by equations (1) where the condition on the
surface, z = 0, (x,y) €2, has to be replaced by

¢z =1_ap

Here « is a positive coefficient dependent of the surface properties, 0 < a < 1.
The pressure will be sought in the form of the Fourier series

Py z ) = S My(t,2) Ag(x,7) 26)

k=0

where the coefficients M (¢, z) satisfy

M, O°M

Sat =M, (2> 0),
oM, oM, _ ~

2 Yo e, (z=0),

M,->0 (z—0).

Using the Laplace transform, one obtains

ME(s,0) = &
k(s, ) (sz_l_/\lzc)]/z_l_as
1 o At
and C—kMk(t,O)=JO(/\,Ct)—l_azG((l_’;Z)l/Z,a),

G(z,) = cosz+a f (1 —a?)*20] sin (z —v) do.

0

Notice that G(z,a) -0 as z— o0 and 0 < a < 1. The asymptotics of G(z, x) as a — 0 is
non-uniform; nevertheless we can write that

L M(1,0)— 54 1) = 0(@).
Cx

The hydrodynamic force on the impacted plate is given by

Kt,o) = i M (t,0)c,

k=0
and it vanishes as O(¢7/?) for ¢t o0. It is observed that

a

FO,q) = (1 -1 )F(O, 0).

—a?

Thus, F(0,a) > 0 for 0 < a < 3(1/5—1). In the time interval 0 < ¢ < 2, we find in the
plane case that

Ht,0) = 2(1 _Lz)—it(l =" i arctan————(1 _22)1/2)

l—a L 1 —a?)3/2
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Physically, it foliows that the force decreases in time at the initial stage. This leads to
the restriction 0 < a < a; where «, is the solution of

(1—ad) _ (1—ad)"

ay oy

arctan

The mass of liquid m(z, o) which has penetrated the surface up to time ¢ is determined
in non-dimensional variables by

m(t,a) = f (J ap(x,y,0,7)dx dy) dr =« fl F(r,o)dr.
0 Q 0
The integrals

j M, (2,0)dt
0
exist and, therefore,
@ c c
M. (,0dt=lim——% ="k

J;) k(t’ )dt 81—1:)1 (s2+AI2C)1/2+aS Ak

This means that
m(o0,a) = al(0,0), 27

i.e. the total liquid mass which will be absorbed in the permeable body after the jet
impact is proportional to the total impulse determined for a rigid surface.

7. Impact of a finite liquid cylinder

For a finite liquid cylinder (figure 7) of length H in non-dimensional variables,
representation (26) remains valid. The coefficients M, (¢, z) now satisfy the equations

0*M, O*M
—étTk= aZZk_/\lszk (O<Z<H),
M, =0 (z=H),
oM,

P —6(0)c, (z=0).

Using the Laplace transform, we find

sinh [(s* + A2)Y*(H — z)]

L ==
Mi(s,2) (s2+Ai)1/2COSh[(S2+A,ZC)1/2H] Ci-

In particular,

0 h
J’ M (r,0)dr = Em/\#]ck,
0 k

and the total impulse 7 for the finite jet is

IH) =3¢ tf‘_n}/l\ﬂ].
k=0 k
It is clear that /(H) < I(0) and
Heo)—ILH) 1—tanh A, H,

1(0)
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FIGURE 7. Impact by a finite liquid cylinder (a plane case is shown). (a) The wave pattern at the initial
stage when the presence of the upper free surface does not affect the flow: FS, free surface; SW, shock
wave; RW, relief wave; RP, rigid plate; H, length of the cylinder. (b) Reflection of the shock wave
at the upper free surface of the cylinder: REW, reflected expansion wave; EW, edge wave; CW,
compression wave.

where A, is the minimal eigenvalue. Therefore, in the case
2 1/2
H>=A'n (——— 1)
€

one can take I(H) ~ I(o0) with relative error e. For ¢ = 0.01 we find H > 1.7 in the
plane case and H > 1.1 in the axisymmetrical one.

This problem has been the subject of intensive numerical studies (see Glenn 1974 ;
Huang, Hammitt & Yang 1973; Hwang & Hammitt 1977; Gonor & Yakovlev 1977;
Surov & Ageev 1989) in connection with the erosion of rigid surfaces by drop impact.
The erosion is a complex phenomenon which essentially depends on the geometries of
both the liquid drop and the impacted boundary. Impact by a circular liquid cylinder
onto a undeformable plate is a particular case of the general problem, which is quite
suitable for numerical analysis. Nevertheless, the numerical simulation of the liquid
cylinder impact is non-trivial, mainly owing to the complex pattern of the flow. The
numerical results agree very well with experimental data but imperfectly with the
theoretical predictions (see, for example, the discussion by F. J. Heymann following
the paper by Huang et al. 1973). The careful analysis of the problem within the
framework of the acoustic approximation is expected to give the information on the
characteristics of the flow which will be helpful for construction of adequate numerical
schemes.

Impact by a finite liquid cylinder in both the plane and axisymmetric cases was
studied by Veklich (1990, 1991) within the framework of the acoustic approximation.
Numerical results were presented for the hydrodynamic force on the impacted rigid
surface. Attention was focused on the compression of a liquid drop between two
parallel plates.
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8. Conclusion

It is shown in this paper that the pressure distribution inside a jet which hits a rigid
plate can be found in the form of Fourier series and has a special structure.
Convergence of the series is not good enough for direct numerical calculations, and so
a careful analysis of the series is required. On the other hand, global characteristics
(hydrodynamic force, total impulse, internal energy) can be obtained quite easily for
arbitrary cross-section of the jet. It was shown that a quarter of the impact energy is
transferred into the internal energy of the compressed liquid. The pressure inside the
jet, as well as the total hydrodynamic force, may be negative. This indicates the
possibility of cavitation under the impact. Cavitation depends on the liquid properties,
and the present case is ideal because it was assumed that the liquid cannot disintegrate
or separate from the impacted surface (interface cavitation), however low the
hydrodynamic pressure may be.

The permeability of the impacted surface affects the evolution of the jet impact.
However, the total liquid mass that penetrates the surface may be obtained using (27)
and is proportional to the total impulse determined for the rigid surface.

The dependence of the total impulse on the jet length may be disregarded if the
length is greater than the diameter of the jet cross-section.

The acoustic approximation is quite rough for presenting a complete picture of the
jet impact. Nevertheless, we expect that the values of global characteristics which are
connected with average quantities but not with local ones are satisfactorily predicted
by the acoustic approach.

The author would like to express his thanks to Professor V. M. Teshukov for helpful
discussions. Preliminary results of this work were announced at the JUTAM
Symposium on Bubble Dynamics and Interface Phenomena, Birmingham, England,
September, 1993.

Appendix A. Justification of the acoustic approximation

The problem of plane jet impact is considered. It is not difficult to extend the analysis
presented to the impact of a jet of an arbitrary cross-section. We shall describe general
features of the flow inside the jet and justify the acoustic approximation for impact
velocities which are well below the sound speed at the resting liquid. Dimensional
variables are used below.

We assume that the fluid of the jet is non-viscous, perfect and does not conduct heat
(see Timman 1960). This means that the equation of state is

P=RTp, Al
the entropy S is defined by the differential relation
TdS =de+ Pd(1/p), (A2)
and the specific internal energy e by
e=c,T. (A3)

Here P is the pressure, p is the density, T is the temperature, the constants # and c,
are dependent on the fluid properties. Equations (A 1)~(A 3) yield

P=AS)p, (Ad)
e=P/lply—1), (A'5)
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FIGURE 8. The wave pattern at the initial stage of the jet impact (nonlinear theory, plane case): 44’,
undeformable part of the shock front; 4B and A’B’, curved parts of the shock; AN and A’N’, fronts
of the relief waves; BC and B’C’, disturbed parts of the jet free surface; V, jet speed. The liquid is
at rest in region ANN’A’, the flows inside regions ABCN and A’N’'C’B’ are self-similar at the stage
shown.

where A(S) = Zexp[(S—Sy)/c,], S is constant, y = 1+%/c,, and the local sound
velocity in the flow is given by
¢ = (yP/p)". (A6)

The constant S, can be taken without loss of generality to be zero.

Initially the liquid is at rest and occupies the region |x| < L,z > 0. The liquid density
is p, and the sound velocity is ¢,. The initial pressure P, is given by (A 6): P, = p,ci/v,
the initial value of the specific internal energy e, by (A 5): e, = ¢&/[y(y — 1)], the initial
entropy S, by (A 4).

At t = 0 the liquid particles instantly obtain the velocity which is directed down to
the rigid boundary and is equal to V. A sketch of the flow at the initial stage is shown
in figure 8. The central part of the shock front 44 is plane, its dimension thus vanishes
with time. Parts 4B and 4’B’ of the shock are curved owing to the interaction of the
shock wave with the relief waves which move from the free surface of the jet, BC and
B’'C’, to its centre. At the stage under consideration the disturbed flow may be divided
into the three regions: 1, 2, 2’. The flow inside region 1 is not affected by the presence
of the liquid free surface and, therefore, is the same as that under the impact of the
liquid half-plane. Region 1 is bounded below by the rigid wall, z = 0, where the normal
velocity of the liquid is zero, and above by the plane part of the shock front AA4’, where

prd = poJ+ V), (A7)
P +p J? = P+p,(J+ V), (A 8)

B, (y+Dpo—(y—Dp,’
quantities in this region are denoted by the subscript ‘ 1°, J is the normal velocity of the
shock front. Region 1 is also bounded by the fronts of the relief waves 4N and A'N".

The liquid in region 1 is at rest: all hydrodynamic and thermodynamic quantities are
constant here and can be found with the help of (A 4)-(A 9). They are

4 P—P, RM?
=p. R J= A="1 "0 _
Pr=~Folt R—1’ pocc  R—1’
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1+ yA)”z c?
C; = C , €, = s
' 0( R bovy=D
where M = V/c, is the Mach number, R is the solution of the quadratic equation
R+M*(y—DIR*—[44+M*(y+1)]R+2 =0,

which tends to unity as M -0, and 4 is usually referred to as the strength of the shock.
When the jet speed is much smaller than the sound velocity, M < 1, the following
asymptotic relations can be found:

R=1+M-YXy-3)M*+0OM?3), 4=M+Xy+1)M?*+0O(M?3),
J=c(l+Xy=3) M+O0(MY), ¢, =c(1+}{y—)M+0(M?), } (A 10)
e, =e(l1+(y—1)M+0(M?), S,—S,=O0M>3).
Shock waves with strength much less than unity (in our case, 4 = O(M)) are referred

to as weak shock waves. For an arbitrary weak shock, 4 < 1, equations (A 4), (A 9)
give

Sl—SO
c

=T (y?—1) 42+ O(4Y). (A 11)
» 12

The flow behind a shock cannot be isentropic, but for weak shocks the flow may be
considered as approximately isentropic in view of the estimate (A 11). The value of 4
can be estimated as O(M) because the strength of the shock on B4 and B’A’ may be
less than on AA4” but not greater.

The fronts 4N and A’ N’ of the relief waves are lines of weak discontinuities of the
flow parameters. This means that the pressure and the liquid velocity are continuous
near these lines, while some of their derivatives are not. The normal velocity of these
lines is equal to the local sound velocity which is ¢,. The relief waves appear at the
moment of impact on the periphery of the contact region. Hence, the line AN is a
circular arc with radius ¢, ¢ and centre at the point x = L, z = 0, and the line A’N’ is
a circular arc with the same radius and centre at the point x = —L,z=0. The
coordinates x,,z, of point 4 satisfy the equations

zy=Jt, (x4—Ly+zi=cr
which predict x4 =L—(—=J)"t.

Points 4 and A4’ move to the centre of the jet at the constant speed (c?—J?)¥2. Taking
(A 10) into account, we obtain for the weak shock

(&= TH = ¢ M2 [(y+ 1)/ 2]+ O(cy M*?).

Thus, both the parameters of the liquid state in region 1 and the geometry of the region
can be determined for arbitrary jet speed and arbitrary jet cross-section. Region 1
disappears at ¢, = L/(ci—J?)"V2.

Within the framework of the acoustic approximation the velocities of the shock front
and relief waves are equal to the sound velocity at the resting liquid ¢, that corresponds
to the leading-order terms in (A 10). Therefore in this approximation the curved parts
of the shock front, AB and 4’B’, are absent. This approximation is unable to describe
the appearance of the curved parts of the shock front and the fine structure of the flow
near them. This is well-known ; it indicates that the acoustic approximation is not valid
near points where the shock touches the free surface. But the dimensions of these areas
are small and tend to zero as M — 0. Indeed, at the initial time interval considered in
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the acoustic approximation we have tzc,/L = O(1), therefore the relative size of the
curved shock part is (L—x,)/L = (t¢,/L)[(y + 1)/2]"? M+ ... = O(M'/?) and van-
ishes as M — 0. Thus the presence of points 4 and A4’ is connected with the nonlinear
effects which are localized near points B and B’. The horizontal size of the areas is of
O(M*'?) and their vertical size is of O(M) as M — 0. Inside these areas the acoustic
theory has to be improved, which can be achieved by asymptotic methods. This
problem is not considered here.

In the plane problem the liquid flow and the pressure distribution in region 2 are self-
similar and depend on the variables (x — L)/(c,?), z/(c,?). This means, in particular, that
the shape of the free surface BC is given by x = L+ Vt{(z/c,t) where the function
{=¢8&),E=2z/cit should be determined for 0<§<wvg/c,, vg=dzg(?)/de,
{vg/c,) = 0. Therefore, there is no initial asymptotics of the solution in time in
contrast to the impact problem studied by King & Needham (1994).

At t, = L/c, the relief waves (AN and A’N’) reach the jet centre and their interaction
starts. This interaction leads to a pressure drop and to a decrease of the speed of the
relief fronts. Now different parts of the relief fronts propagate at different speeds
which, moreover, are varied in time. Later, the relief waves reach the opposite parts of
the jet free surface and are reflected back into the jet as compression waves. This
process will then be repeated many times, and so the intensities of the relief and
compression waves vanish in time. We expect that such processes will not put any new
limitations of the applicability of the acoustic approach.

Crocco’ vorticity law shows that the curved parts of a shock are responsible for the
generation of vorticity behind the shock front. The vorticity w is defined here as
w = 0u/0z— v /0x, where u, v are the horizontal and vertical components of the liquid
velocity, respectively. A general expression for the vorticity jump on an unsteady shock
front was given by Piskareva & Shugaev (1977). In our case their results yield

2
w. =P2{1_Po %, (A 12)
TP ps) 08

where w, is the vorticity on the rear side of the shock, p, is the liquid density behind
the shock front, D, is the speed of the shock front with respect to the fluid ahead of
it, and 0/0s is the derivative along the front. For a stationary shock (A 12) is the same
as the relation found by Truesdell (1952). Taking into account the conditions at the
shock front, we can rewrite (A 12) in the form

_ ) _ V2y+1)8
ws = N((S”Y) Co N((Ss 7) - [(2+’}/(S)2—62][2+(’}/+ 1)3]1/2,

ds’

where § = (s, ) is the shock strength on the curved parts 4B and A’B’. We assume that
d(s, 1) decreases monotonically from 4 at point 4 to é;, 0 < d; < 4, at point B. The
exact value of d; is not necessary to obtain an estimation of w, as M —0. Near point
B, the flow is of Prandtl-Meyer type and, therefore, high gradients of both the pressure
and the velocity are expected here. We get & = O(4) = O(M), s = O(M*2L), and
08/ds = O(M*?/L). This predicts that w, = O(M*2V/L) as M—0. Thus, the flow
behind the shock generated under the jet impact may be approximately considered as
isentropic and irrotational when M < 1. A weak vortex wake is localized near the free
surface of the jet, its intensity being of O(M 32V /L) as M — 0. Generally speaking, this
analysis is not complete because vorticity may be generated not only by curved shocks,
but by the relief waves as well. This follows from the theory of weak discontinuities.
We do not know any results in this field, and this problem is not considered here.

(A 13)
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Within the framework of the acoustic approximation the equations of motion and
the boundary conditions are linear. In order to justify that at the stage under
consideration the equations can be linearized, consider the Euler equations of an
isentropic flow

vt+M(v-V)v=—%Vp, (A 14)
P+ M@w-Vp)+(1+Myp)V-v =0, (A 15

and the equation of state
p = (1+Myp)""” (A 16)

which follows from (A 4). The equations are written in the non-dimensional variables
which were introduced in §1. Here v = (u/V,v/V) is the vector of the liquid velocity,
and p = (P—p,)/(p,¢c, V) is the deviation of the pressure from its initial value. The
assumption which leads to the acoustic approximation may be formulated as follows:
the unknown functions p, v and their first derivatives remain bounded as A — 0 almost
everywhere in the flow region. This assumption allows us to neglect the nonlinear terms
in (A 14), (A 15) and to change (A 16) for p = 1+ Mp+... in the leading order. The
words ‘almost everywhere’ are very important: they point out that the acoustic theory
is expected to be valid everywhere in the flow region except for some zones, the
dimensions of which are small and tend to zero as M —0. One of these zones was
distinguished above: the vicinity of the point (in the three-dimensional problem of the
line) where the shock front touches the jet free surface.

In order to find the liquid flow within the framework of the acoustic approximation,
the deformation of the jet free surface is disregarded. We assume that the velocity
of the liquid cannot be much higher than the impact speed V. Then the normal
velocity of the free surface is of O(V), and its deformation is of O(V¢). Therefore,
the surface deformation is much less than the dimension of the jet cross-section.
Indeed, O(Vi/L) = O((tc,/L)(V/c,)) = O(M) because tc,/L = O(l) at the stage
under consideration.

It follows from physical reasoning that the acoustic approach fails: (i) near the fronts
of the relief waves and the compression waves where the normal derivatives of the
pressure and the liquid velocity change abruptly in the general case; (ii) near the
contact line of the free surface with the rigid boundary, where the horizontal
component of the velocity is expected to be much higher than that inside the jet. The
flow structure inside each of these zones is more complex than that predicted by the
acoustic theory. A powerful tool providing a complete description of the flow is given
by the asymptotic methods. The main idea of the methods is based on the assumption
that the flows inside the narrow zones depend on the flow inside the jet (where the
acoustic approximation is valid), but the inverse influence is weak and can be
approximately disregarded. Preliminary analysis indicates that the flow near the curved
parts of the shock front is governed by transonic theory, and near the fronts of weak
discontinuities (fronts of the relief and compression waves) by nonlinear geometric
acoustic theory. It is expected that the acoustic effects may be disregarded near the
contact line and an analysis similar to that given by King & Needham (1994) can be
used to improve the flow description here.

The study of the fine structure of the flow inside the jet is very important because it
gives us an understanding of the processes occurring under the impact. On the other
hand, we expect that details of the flow in the above narrow zones make small
contributions to the global characteristics. For example, the analysis of the flow near
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the contact line can give us an estimate of the length of the spray jet and helpful details
of the liquid motion. But the pressure inside this vicinity is near atmospheric, p,, (see
Frankel 1990) and it is hard to believe that the details of the pressure distribution in
the spray jet will make a significant contribution to the hydrodynamic force on the
impacted surface.

Appendix B. Equation (14)
We use the standard integral (Gradshteyn & Ryzhik 1980)

/2
f Jy(2zcos x)dx = in J3(z)

0

with the help of which the left-hand side of (14) can be rewritten as

t /2 ("t
J J (P —z%)Mdz = % j f J[2¢(* —z%)? cos x] dz dx.
0 0 0

Let 2cf cos x = b and introduce the new integration variable zb/¢ = u. Then the inner
integral is

b
u J HI(B*—u®7] du
b 0
Here

b
J J[(b*— 4?2 du = sinb
0

(see Gradshteyn & Ryzhik 1980). Therefore

Te(i— 22y dz = L [ Sin(2etcos x)dx
o CJo cos x :

The final substitution cos x = » gives

J"/ ?sin (2ctcos x)dx J‘ ! sin 2ctv) do
0 0

cosx o(1—v?)2

Let us now transform the right-hand side of (14) using the integral representation of
the Bessel function of zero order

COS Zv

CRHN= ot

_ do 'sin 2ctv)do
J: J(T)dT f J COSTUdT( 2)1/2 EJO U(Tvz)l/T,

this finishes the proof of (14).

We obtain

REFERENCES

FRANKEL, I. 1990 Compressible flow induced by the transient motion of a wavemaker. J. Appl.
Math. Phys. 41, 628-655.

GLENN, L. A. 1974 On the dynamics of hypervelocity liquid jet impact on a flat rigid surface.
Z. Angew. Math. Phys. 25, 383-398.



84 A. Korobkin

GONOR, A. L. & YAKOVLEV, V. YA. 1977 Drop impact on a solid surface. Izv. Akad. Nauk SSSR
Mekh. Zhidk. Gaza 5, 151-155.

GRADSHTEYN, 1. S. & RyzHix, I. M. 1980 Table of Integrals, Series, and Products. Academic Press.

Huang, Y. C., HaMMmITT, F. G. & YANG, W.-J. 1973 Hydrodynamic phenomena during high-speed
collision between liquid droplet and rigid plane. Trans. ASME 1: J. Fluids Engng 2, 276-294.

Hwang, J.-B. G. & HammMmritt, F. G. 1977 High-speed impact between curved liquid surface and
rigid flat surface. Trans. ASME 1. J. Fluids Engng 2, 226-235.

KANTOROVICH, L. V. & KrYLOV, V. 1. 1962 Approximate Methods of Higher Analysis. Fizmatgiz.

KING, A. C. & NEeDHAM, D. J. 1994 The initial development of a jet caused by fluid, body and free-
surface interaction. Part 1. A uniformly accelerating plate. J. Fluid Mech. 268, 89-101.

LEesser, M. B. 1981 Analytic solutions of liquid-drop impact problems. Proc. R. Soc. Lond. A 377,
289-308.

PiDsLEY, P. H. 1982 The numerical investigation of fluid impact and jet penetration. Ph.D. thesis,
University of Leeds.

PiskAREvA, M. V. & SHUGAEV, F. V. 1977 On differential relations on an unsteady shock wave. Izv.
Akad. Nauk SSSR Mekh. Zhidk. Gaza 5, 181-185.

Surov, V. S. & AGEEv, S. G. 1989 Two-dimensional numerical simulations of collision of drops of
compressible liquid with target. Izv. Sib. Div. Akad. Nauk SSSR Tekhn. Nauk 4, 66-71.

TiMmmaN, R. 1960 Linearized theory of unsteady flow of a compressible fluid. In Encyclopedia of
Physics, vol. 9, pp. 283-310. Springer.

TRUESDELL, C. 1952 On curved shocks in steady plane flow of an ideal fluid. J. Aero. Sci. 19,
826-828.

VEKLICH, N. A. 1990 Impact by a compressible liquid strip onto a target. Izv. Akad. Nauk SSSR
Mekh. Zhidk. Gaza 6, 138-145.

VEKLICH, N. A. 1991 Impact by a cylinder of ideal compressible liquid onto a target. Sib. Fiz. Tekh.
Zh. 6, 34-41.



